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Evaporative cooling due to a gently deposited droplet

M. DI MARZO, P. TARTARINI and Y. LIAO
Mechanical Engineering Department, University of Maryland, College Park, Maryland 20742, U.S.A.

and

D. EVANS and H. BAUM

Building and Fire Research Laboratory, National Institute of Standards and Technology,
Gaithersburg, Maryland 20899, U.S.A.

(Received 9 March 1993 and in final form 21 May 1993)

Abstract—The transient thermal behavior of a single water droplet gently deposited on the surface of a

semi-infinite solid is investigated. A coupled model that solves simultaneously the transient conduction

equation for the solid and the liquid to yield the surface temperature and heat flux distributions as well as

the description of the droplet evaporation transient is proposed. The predictions of the evaporation time

are compared with experimental data. An additional model is presented which assumes constant heat flux

at the liquid-solid interface. This model provides a closed form solution for the solid surface transient
temperature distribution.

INTRODUCTION

THE cooLING of hot solid surfaces by droplet evap-
oration has been studied extensively. Multi-droplet
systems were investigated both theoretically and
experimentally over several years ; see for example the
work of Toda [1], Bonacina et al. [2] and Tio and
Sadhal [3]. Single droplet systems were described by
Inada et al. [4], Makino and Michiyoshi [5,6] and
Takano and Kobayashi [7] among others.

The droplet configuration upon impacting a solid
surface has been discussed in great detail by Chandra
and Avedisian [8] while the droplet shape during the
last stages of evaporation was examined by Zhang
and Yang [9].

In this paper general models are derived for the case
of a water droplet gently deposited over the surface
of a semi-infinite solid. A typical photographic
description of the evaporative transient, which is con-
sistent with a similar record provided by Xiong and
Yuen [10], is shown in Fig. 1. The initial solid surface
temperature is below the limit at which onset of
nucleate boiling is observed. The formulation of a
model to predict both the evaporation time and the
transient thermal behavior of the solid surface is the
first step in formulating more comprehensive pre-
dictive tools for multi-droplet evaporative cooling.

The transient thermal behavior of a high con-
ductivity semi-infinite solid has been modeled by
imposing a constant uniform temperature at the solid—
liquid interface [11,12]. The models based on this
assumption yield good predictions for cases where the
surface temperature is not experiencing major changes
during the process which is most common for high
thermal conductivity solids. However, these models
are unable to predict the solid thermal behavior for

low thermal conductivity materials which exhibit large
temperature variations during the drop evaporating
process. De-coupling the liquid from the solid (by
imposing that artificial boundary condition at the
solid—liquid interface) means that the liquid droplet is
assumed to behave independently of the substrate (i.c.
the solid). The interfacial temperature at the initial
liquid-solid contact is approximated by the exact
solution available for the contact temperature of two
semi-infinite solids. Seki et al. [11] based their analysis
on this consideration and suggested that the inter-
facial temperature can be obtained as:

T = 71l\/(plclkl) + Ts\/(pscsks) .
‘ \/(plclkl)+\/(pscsks)

The constant temperature model does not conserve
energy at the liquid—solid interface since there is no
energy conservation constraint. This constitutes a
major barrier to the extension of these results to the
multi-droplet formulation because the overall heat
balance for multiple droplet solid cooling cumulates
the single droplet inaccuracies.

(M

THEORETICAL MODELS

Coupled model description

Inspection of Fig. 1 reveals that the liquid-solid
receding angle (which has been found to be 7° for
aluminum and water) is reached when a small fraction
of the original water in the droplet is left [13]. There-
fore, it is reasonable to assume that the surface of the
wetted area is constant throughout the evaporative
process as can be deduced from the figure.

Visual inspection of a tracer and the measurements
reported by Ostrach and Pradhan [14] indicate that
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lf NOMENCLATURE

¢ specific heat Greek symbols

d diameter of the wetted region o thermal diffusivity

D air-steam mass diffusivity ! shape parameter ; see equation (19)

erf  error function o normalized time, (x.0)" /R

G Green'’s function ; see equation (12) S, normalized evaporation time, (2,1)' /R |

h overall heat transfer coefficient £. 2 dummy variables “

heom  convective heat transfer coefficient n normalized radius, r/ R

Jo. Ji. I, Bessel’s functions e radius of influence associated with the

JA Jakob number ; see cquation (20) constant ¢

k thermal conductivity 0 normalized temperature ; sce equation

L, modified Bessel's function, e <7,({) (17

q heat flux A liquid latent heat of vaporization

y: refcrence heat flux, Ap, V/(nR1) P density

; radial coordinate T total evaporation time

R radius of the wetted area ; see Fig. 2 o arbitrary constant.

S surface ; see equation (15)

! time Subscripts

T temperaturc a far-field air property

T. contact temperature ; see equation (1) 1 liquid-vapor interfacial property

u transformed temperature : see equation ] liquid property at the liquid-solid ‘
(13) interface |

V droplet volume or volume ; see equation 0 solid nitial property !
(15) s solid surface property }

X molar fraction of steam in air * Green’s function argument ; equations i

o axial coordinate.

(12) and (14). :

little convective motion is present in the water droplet.
Therefore, one can assume that the dominant mech-
anism of heat transfer in the water droplet is conduc-
tion. This assumption is common to most previous
models [, 11, 12. 15]. The shape of the water droplet
in Fig. 1 can be described with good approximation
as a segment of a sphere of fixed base and decreasing
apex [12]. This geometrical representation of the
deposited droplet is accurate while the liquid-solid
contact angles exceeds the receding angle [13] as pre-
viously discussed. The modeling of the coupled solid
and liquid thermal behavior is described by the tran-
sient conduction equation for both domains with the
appropriate boundary conditions.
The governing cquations, with respect to the coor-

dinate system depicted in Fig. 2, arc:

oT . eT .

o o=aV'T. - =aV'T. (2.3)

o ct

The initial and boundary conditions are as follows:

q.=

atf =0, forthesolid: 7= T,— A

and for the liquid: 7T=T, 4.5)

at0g<r< R, z=0:

atr> R,z =0

cT : .
k.\(;_) :/7(7\'“7;) (6'73)
atz— —x forall ¥'s
<ﬁ7*
el ) =a
iz ),
atr - 7. 2<0:
oT
S} =0, (9.10)
ér )

At the liquid-vapor interface, a small portion of
the heat conducted from below through the liquid
is transferred to the ambient by convection and by
radiation. Most of the heat evaporates the liquid.

The conservation of energy at the liquid-vapor
interface provides the remaining boundary condition
needed for equation (3). To account for the evapor-
ation, the vapor diffusion in the air is considered.
Details of the derivation of this liquid—vapor inter-
facial condition are given by di Marzo and Evans {12].
In the derivation the mass transfer coefficient is related
to the convective heat transfer A, by the Chilton-
Colburn analogy [16].

The final formulation of the boundary condition at
the liquid—vapor interface can be written as:
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b)

d)

FiG. 1. Typical photographic record of a 30 ul droplet on
aluminum (7. =92°C, 1 =86 s) at (a) {t=0; (b)
t/t=0.21; (c) ¢/t = 0.38; (d) t/r = 0.62 and (e) t/r = 0.85.
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—kVT-i—h(T,~T,)
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= 0.624h ., </
o

a

¢, 1—x,

where the temperature gradient is taken normal to the
liquid vapor interface. The grid geometry shown in
Fig. 2 is such that this gradient is normal to the upper
boundary of the computational domain for the liquid
region.

Extremely strong local thermal gradients at the
droplet edge, during the initial transient, pose some
difficulties to the solution of this problem with con-
ventional finite difference schemes. In the present
study, the solution of the transient conduction equa-
tion in the solid is obtained by using a Boundary
Element Method (BEM). This is combined with a
finite volume treatment of the liquid droplet. The
BEM is described in detail by Kavoosi et al. [17]. The
adjoint equation to equations (2) is satisfied by the
following Green’s function [18]:

G(r,z, t; 7%, 2% 1%) = (dno t¥)~ 2

X{e*[(r——r*)z+(:—2")2]p’(4nl")+e~[(r—r“)2+(z+z*)2]/’(4n/*)} (12)

A linear combination of equation (2) and of'its adjoint
equation, is integrated over the solid and temporal
domain. By applying the Gauss theorem on the
volume integral, one obtains the following relation-
ship between the solid temperature and its normal
derivative at the solid surface:

.
u(r,t) =T~T, A

s

o= 2rr*
- ® k) ok k- 32
.[] L Vu(r®, t*)r*t L, (4%1*)

x e~ gk dpx (13, 14)

The governing equation for the liquid is cast in the
following form :

oT
J rdv=a,jVT'ﬁds
vy Ot s

which is integrated for each ¢lementary volume of the
discretized liquid domain. The volume elements are
defined in terms of the coordinates shown in Fig. 2.
Details on the treatment of the liquid domain are
given by Liao [19]. These two equations, equations
(14) and (15), represent the energy conservation in
the solid and liquid respectively. In their discretized
form they become matrix equations for the transient
temperature and heat flux distribution in the liquid
and over the solid surface.

A computer code has been developed to solve these
equations [19]. The input to the code must prescribe :
(a) the droplet initial volume; (b) the droplet shape
parameter f as defined by Bonacina et al. [2]; (c)
the initial surface temperature; (d) the overall heat
transfer coefficient and (e) the convective heat transfer

(15)
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FiG. 2. Coordinate system and nodalization.

coefficient. The shape parameter and the two heat
transfer coefficients are provided by correlations
based on experimental data. The code predicts: (a)
the transient temperature profiles on the solid surface
and throughout the liquid; (b) the heat fluxes at all
points of the liquid domain and on the solid surface;
(c) the total evaporation time and (d) the transient
liquid inventory.

The shape parameter is reported for various solid
materials and evaporating fluids by several inves-
tigators [2, 8, 12, 20]. The overall heat transfer
coefficient has been measured by Kiassen and di
Marzo [21] and correlations are available in the litera-
ture to estimate the convective heat transfer
coeflicient.

Constant flux model

This model is of interest because its relative sim-
plicity makes it a candidate for use in multi-droplet
evaporative cooling studies. Carslaw and Jaeger [22]
show that, for a semi-infinite solid with a surface
heat flux constant and uniform applied over a disk of
radius R and no heat transfer on the remainder of the
surface, the transient temperature profile on the solid
surface is given by

R
4

T,
Tk

o

’ . . , di
J Jo(Ar)J (AR) ert ()V(xj)) P

{16)

By introducing the normalized radius # = /R and the
normalized evaporation time J, = (o,r)"*/R and by
setting ¢, equal to the spatial and temporal averaged
heat flux due to droplet evaporation, one obtains:

0=JA (”) s
M

4 17 d{
=J Jo(CmJ (O erf (£8) 2 (17.18)

where f3 is the shape parameter defined by Bonacina
et al. [2] and JA is the Jakob number. These two
parameters can be expressed as follows:

v (To-T.
/3=R(j—$> , JA=‘>L"A7"Q. (19.20)
3y
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In order to quantify the cxtent of the solid surface
region affected by the droplet cooling, a significant
parameter is the radial heat flux at the surface at any
given location. The presence of the droplet is felt when
this radial heat flux is greater than a fraction of the
reference value identified as the spatial and temporal
averaged heat flux, that is:

-
¢ T,

or

ApV

k, .
k¥ nR*t

z ¢ (20

By using equations (18) and (19). this condition. in
terms of normalized quantities, becomes :

aa>4¢
T3

where ¢ is an arbitrary constant. Equation (23) can
be used to define the radius of influence #, (=r,/R)
as the minimum value of » that satisfies the inequality.
The radius of influence can be defined for ¢ = 0.1
which relates the radial heat flux to 10% of the spatial
and temporal averaged heat flux (see equation (21)).
With this definition one implies that a radial heat
flux of less than 10% of the reference heat flux is
considered small. At such distance from the droplet
and beyond, the evaporative cooling effect is con-
sidered equally small. Note that the definition of the
radius of influence is based on the arbitrary constant
¢. Therefore, it can be used only on a comparative
basis.

MODELS VALIDATION

Coupled model

A comparison of the coupled model with the exper-
imental data is obtained by looking at the evaporation
times for aluminum [12] and for macor [20]. Figure 3
shows the calculated and measured evaporation time
for both materials for various initial solid surface
temperatures and droplet sizes. The agreement is

EVAPORATION TIME
MODEL PREDICTION (s)

EVAPORATION TIME
EXPERIMENTAL (s)

Fia. 3. Model validation : total evaporation time for droplets

with V = 10, 30, 50 gl on aluminum with 7, = 75 - 102°C and

on macor with 7, = 101 +208"C (data for aluminum from
ref. [12], data for macor from ref. {20]).
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remarkable in light of the fact that the experimental
data are repeatable within 10% of the indicated value.

The cooling effect, due to the droplet, is strongly
dependent on the properties of the solid. Figure 4
illustrates this point by comparing the temperature
distributions for a 30 ul droplet which evaporates in
95 s on aluminum and macor. To achieve the same
time averaged heat flux, the initial surface tem-
peratures are obviously different: for aluminum
T,=91°C and for macor T, = 119°C. The curves
shown in the figure are at 29 and 86 s after deposition.
Note the minimal temperature excursion for alumi-
num and the rather deep temperature drop for macor.
Further, the cooling effect is felt over a large portion of
the aluminum surface (more than nine droplet radii)
while the effect is rather contained on the macor
surface (about three droplet radii) albeit much
more intense. The other aspect, that emerges from the
analysis of the code computation, is the unidi-
mensionality of the heat transfer in the liquid region.
The radial heat flux, at various locations and at vari-
ous stages of the evaporative process, amounts to less
than 5% of the total heat flux in most cases. Only for
a few locations at the droplet edge, for low thermal
conductivity materials, toward the end of the process,
does its contribution exceed 10% of the total heat
flux. This observation allows the simplifications of the
model for the liquid layer, which will be particularly
important in future studies of multi-droplet heat
transfer.

The measured transient temperature distribution
over the solid surface is illustrated in Fig. 5. These
data are obtained via infrared thermography of the
surface by Klassen ez al. [20]. The temperature profiles
shown in the figure are over a line (on the solid sur-
face) passing through the center of the wetted region.
The readings over the surface covered by the liquid
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F1G. 4. Typical solid surface temperature profiles for a water

droplet (V=30 ul, 1 =95 s) deposited on aluminum

(T, = 91°C) and macor (7, = 119°C) for (a) t/r = 0.3 and
() t/z=009.
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FiG. 5. Typical surface temperature distribution for a 30 ul

droplet on macor (data from ref. [20] for T, = 124°C and

t=100s) at (a) t/t=0.1; (b) t/t =0.7; (c) t/r = 0.9; (d)
t/r=1.0and (e) t/r = 1.1.

(i.e. plots a, b, ¢ for r/R < 1) cannot be related to a
temperature scale due to the infrared radiation
absorption of the water layer. Note that the last two
plots (i.e. plots d, e) describe the surface temperature
after the complete droplet vaporization.

Figure 6 compares the experimental data (shown as
shaded regions) with the models previously described.
Case (a) shows the results of the coupled model ; case
(b) illustrates the predictions of the constant flux
model while case (c) is related to previous simplified
models reported in the literature [11, 12].

The overall performance of the coupled model is
quite reasonable. It slightly over-predicts the data
while capturing well the temperature at the droplet
edge (r = R). The radius of influence is under-esti-
mated by this model. Both the droplet evaporation
and the solid cooling are modeled and the simul-
taneous thermal transient description is obtained.
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SOLID SURFACE TEMPERATURE (°0)

R

F1i. 6. Typical solid surface temperature profiles for droplets

deposited on macor compared with data from ref. [21] with

0.3 < 1/t £ 0.9 for (a) the coupled model: (b) the constant

flux model and (¢) the constant temperature model (V' = 30

uly To=145C: at t/1=03; /1 =05, t/1 =07 and
11 = 0.9).

Constant flux model

The constant flux model is able to predict the data
well as shown in Fig. 6 {case b) where it slightly
under-predicts the measured temperature profile while
preserving the general trends. This closed-form solu-
tion over-estimates the droplet cooling effect.

Figure 7 shows the liquid—solid interfacial fluxes.
calculated from the coupled model, for a typical casc.
It is important to note that the heat flux is not uniform
nor constant during the evaporative process. The spa-
tial distribution indicates that most of the evaporation
takes place at the outer edge of the droplet. Therefore,
it is not surprising that the constant heat flux model
exhibits some discrepancies with the data for the tem-

INTERFACIAL FLUX (kW/m?)}

0.2 0.4 a.6 a.8 1
NORMALIZED RADIUS (1/R)

FiG. 7. Liquid-solid interfacial fluxes for water droplet with
V = 30 ul on macor with 7, = 143°C at (d) 1/t = 0.3; {¢}
1T =0.5.(b) /1 =0.7; (a) t/t =09 and 1 = 64 s (coupled

model computations).
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Fig. 8. Radius of influence vs normalized time with
¢ =0.1: constant flux model: @ coupled model.
perature gradient at » = R (or, in non-dimensional

variables. for y = 1) as it can be scen in Fig. 6.

The constant flux model provides a very good quan-
titative representation of the temperature profiles on
the solid surface. However, it fails to capture the quali-
tative details of the transient behavior. Figure 5 shows
that the measured temperature profile is almost con-
stant throughout the process after a rapid initial tran-
sient. This behavior is well represented by the coupled
model while the constant flux model exhibits an ever
changing temperature profile as time progresses.

Concerning the cooling effect. the solution of equa-
tion (23), for ¢ = 0.1, is shown in Fig. 8. The pre-
dictions of the coupled model. at selected values, are
also shown in the figure for comparison. By inspecting
Fig. 6. one can conclude that the actual radius of
influence lies between the predictions of the coupled
model and of the constant flux model. Note that the
cylindrical coordinate system will favor the coupled
model when the area of the surface influenced by the
droplet is compared.

The fundamental difference between the coupled

110

ALUMINUM

SOLID SURFACE TEMPERATURE (9 C)

0o 025 o5 o5 9
NORMALIZED RADIUS {i/R)
FiG. 9. Typical liquid-solid interfacial temperatures for
macor and aluminum with 7, = 82°C for water droplets with

V=30 gl at (a) t/1 = 0.3 and (b) ¢/ = 0.9 (coupled model
computations).
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model and the constant flux model is in that the
coupled model provides a complete description of the
phenomena while the constant flux model requires the
droplet evaporation time (as an independent input) in
order to estimate the spatial and temporal averaged
heat flux q..

Finally, the model based on the constant and uni-
form temperature at the solid-liquid interface under-
predicts the surface temperature while over-predicting
the surface cooling. Figure 9 illustrates the transient
temperature distribution (obtained with the coupled
model) at the liquid—solid interface for aluminum and
macor when a 30 ul droplet is deposited on the solid
with an initial solid surface temperature (7;) which
will yield a calculated contact temperature 7, = §2°C
from equation (1). As one can readily observe, this
calculated contact temperature has no relation with
the results shown in Fig. 9 since the solid-liquid inter-
facial temperature is changing with time as well as
spatially.

CONCLUSIONS

This paper briefly reviews the formulation of two
models for the prediction of the thermal behavior of
the droplet-solid interaction during evaporative
cooling. The coupled model, which solves simul-
taneously the liquid and the solid transient con-
duction equations, is validated over a wide range of
parameters.

The constant flux model is also described. This
model de-couples the liquid from the solid by intro-
ducing a simplified boundary condition at the liquid—
solid interface (i.e. constant and uniform heat flux).
A comprehensive discussion of the two models in
comparison with experimental data outlines their rela-
tive merits : the coupled model provides the full solu-
tion for the solid surface cooling and for the droplet
evaporation while the constant flux model predicts the
transient surface temperature distribution reasonably
well.

The multi-droplet model, which will be the subject
of future studies, is based on the super-position of the
transient surface thermal behavior due to a single
evaporating droplet. Therefore, these two models pro-
vide the basis for its development.
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